In this paper, the problem of stability in terms of two measures is considered for a class of stochastic partial differential delay equations with switching. Sufficient conditions for stability in terms of two measures are obtained based on the technique of constructing a proper approximating strong solution system and carrying out a limiting type of argument to pass on stability of strong solutions to mild ones obtained
Introduction
Over past decades, stability theory for solutions of stochastic differential equations have attracted more and more attention due to its welled formulation and analysis in mechanical, electrical, control engineering and physical sciences (see, e.g., [2, 6, 8, 12-14, 17, 19, 22] and the references therein ). Especially, several authors have obtained conditions for stability in terms of two measures of some stochastic differential equations, such as Chatterjee and Liberzon in [4] presented a general framework for analyzing stability of deterministic and stochastic switched systems via a comparison principle and multiple Lyapunov functions. Yuan [23] investigated the stability in terms of two measures for stochastic differential equations with Markovian switching by using the method of Lyapunov functions. Yao and Deng in [20, 21] discussed the stability in terms of two measures for impulsive stochastic functional differential systems via comparison approach. For the deterministic systems, there have been many researches about the stability in terms of two measures, Liu and Wang [11] considered the stability in terms of two measures for impulsive systems of functional differential equations, Ahmad [1] obtained sufficient conditions for the stability in terms of two measures for perturbed impulsive delay integro-differential equations, Aleksandr and Slyn'ko [5] discussed the stability in terms of two measures for a class of semilinear impulsive parabolic equations. However, questions about the stability of solutions for stochastic partial differential equations are less well understood.
In general, the existing results about the solution for the stochastic system are necessary, and some of the previous work were under the assumption that there have at least one solution for the system (see, e.g., [20, 21] ). Actually, there are many nonlinear stochastic partial differential equations which do not satisfy the assumption evidently. In [3] , Bao, Truman and Yuan considered some sufficient conditions for the stability in distribution of mild solution to stochastic partial delay equations with jumps by the technique developed in [3] which based on the technique of constructing Stability in terms of two measures of solutions to stochastic partial differential delay equations with switching 3 a proper approximating strong solution system and carrying out a limiting type of argument to pass on stability of strong solutions to mild ones. A family of continuous-time systems, together with a switching signal that choose an active subsystem from the family at every instant of time constitute a switched system [10] , which have been observed in many practical systems [22] . Motivated by the above discussion, our aim is to consider the stability in terms of two measures for the solution of a class of stochastic partial delay equations with switching. We get sufficient conditions for stability in terms of two measures. The results improve and generalize those in earlier publications.
We first introduce some preliminaries such as the conditions that sufficient for the existence of the solution in Section 2. Section 3 devotes to the main stability results, followed by the results under fixed-index sequence monotonicity condition in Section 4. Stochastic stability under dwelltime switching is considered in Section 5. At last, we give some concluding remarks in Section 6.
Preliminaries
Let (Ω, F, P) be a complete probability space equipped with some filtration {F t } t≥0 satisfying the usual conditions , i.e., the filtration is right continuous and F 0 contains all P-null sets. Let H, K be two real separable Hilbert spaces and denote by < ·, · > H , < ·, · > K their inner products and by Let {W (t), t ≥ 0} denote a K-valued {F t } t≥0 adapted Wiener process defined on the probability Stability in terms of two measures of solutions to stochastic partial differential delay equations with switching 4 space (Ω, F, P) with covariance operator Q, i.e.
where Q is a positive, self-adjoint, trace class operator on K. In particular we call such {W (t), t ≥ 0} a K valued Q wiener process relative to {F t } t≥0 just as presented in [3] , W (t) is defined by
√ λ n β n (t)e n , t ≥ 0, where {β n (t)} n∈N is a sequence of real valued standard Brownian motions mutually independent on the probability space (Ω, F, P), λ n , n ∈ N are the eigenvalues of Q and e n , n ∈ N, are the corresponding eigenvectors. That is
Qe n = λ n e n , n = 1, 2, 3, . . . .
We introduce the subspace 
Clearly, for any bounded operators ψ ∈ L(K, H), this norm reduces to ψ 2
Then we can define the H valued stochastic integral
which is a continuous square-integrable martingale [15] . Let P = P (t), t ∈ D P be a stationary F t
Poisson point process with characteristic measure λ (see, [16, 18] ). Denote by N (dt, du) the Poisson counting measure associated with P , i.e.
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with measurable set Z ∈ B(K − {0}), which denotes the Borel σ field of K − {0}. LetÑ (dt, du) := N (dt, du) − dtλ(du) be the compensated Poisson measure that is independent of W (t). In the following, we investigate the stability in terms of two measures of the following stochastic partial differential equations with jumps and switching in the following form: let S is an index set, for given τ > 0 and arbitrary t ≥ 0,
function, which specifies at every time t, the index σ(t) = p ∈ S and σ(0) = p 0 . As in [3] , the following assumptions are imposed for the existence and uniqueness of the mild solution to (2.1).
(H1) A, generally unbounded, is the infinitesimal generator of a C 0 semigroup T (t), t ≥ 0, of contraction.
(H2) The mapping
Borel measurable and satisfy the following Lipschitz continuity condition and linear growth condition for some constant k > 0 and arbitrary x, y, x 1 , x 2 , y 1 , y 2 ∈ H,
and
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(ii) X(t) ∈ H has càdlàg path on
(ii) X(t) ∈ H has càdlàg path on t ≥ 0 almost surely, and for arbitrary t ∈ [0, T ],
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The following two conclusions appeared in [3] which given theoretical basis for the stability analysis.
Lemma 2.1. ( [3] ) Under the assumptions (H1), (H2) and (H3), system (2.1) admits a unique mild solution.
; H) be an arbitrarily given initial datum and assume that conditions (H1), (H2) and (H3) hold, then (2.2) has a unique strong solution X n (t) ∈ D(A), which
where n ∈ ρ(A), the resolvent set of A and R(n) = nR(n, A), R(n, A) is the resolvent of A. Let C 2 (H × S; R + ) denote the space of all real valued nonnegative functions V with properties:
(ii) for any p ∈ S, V x (·, p) and V xx (·, p) are both continuous in H and L(H) = L(H, H), respectively.
Suppose V ∈ C 2 (H × S; R + ), let X(t) be a strong solution of equation (2.1), then with t ≥ 0, Stability in terms of two measures of solutions to stochastic partial differential delay equations with switching 8
according to the work in [3, 13] , we present the following Itô formula.
is the domain of operator A, we introduce the following:
We say a function α ∈ C(R + , R + ) is of class K if α is strictly increasing with α(0) = 0, is of class K ∞ if in addition α(r) → ∞ as r → ∞; and we write α ∈ K and α ∈ K ∞ respectively. A function β ∈ C(R 2 + , R + ) is said to be of class KL if β(·, t) is a function of class K for every fixed t and β(r, t) → 0 as t → ∞ for every fixed r; and we write β ∈ KL. Let
holds.
Definition 2.4. System (2.1) is said to be (h • , h) globally asymptotically stable in probability ((h • , h)-GAS-P) if for every η ∈ [0, 1], there exists a function β ∈ KL such that for every ξ(t) ∈ Stability in terms of two measures of solutions to stochastic partial differential delay equations with switching 9
Main results
In the previous section, we showed the relation between the strong solution of (2.2) and the mild solution of (2.1). However, in order to get our main results about the two measures stability of (2.1), we also need the following lemma.
Let V ∈ C 2 (H; R + ). The function V is said to be h-positive definite if there exists a function
, and h • -decrescent if there exists a function Stability in terms of two measures of solutions to stochastic partial differential delay equations with switching 10 (A2) There exists a function V (x, p) ∈ C 2,0 (H × S; R + ) such that for any p ∈ S and ϕ ∈
where
(A3) The maximal solutionū(t, ψ) of exists in [0, ∞),i.e.,T = ∞. Let X(t) = X(t, ξ), t ≥ 0, denote a mild solution of (2.1) with initial
The proof process is similar to that of Theorem 5.1 in [13] , and we omit it. (
where X n (t) andū(τ i , ψ) are the solution of (2.2) and the solution of Σ, respectively.
(iv) Σ is globally asymptotic stable in the sense that there is a function β ψ ∈ KL such that the inequality
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Then system (2.1) is (h • , h)-GAS-M in the sense of Definition 2.3.
Proof. Consider the interval [τ l , τ l+1 [, with l an arbitrary nonnegative integer. According to hypotheses (iv), (iii) and (i), and Lemma 3.2 we have
By the the hypothesis (iv), we know |ū(t,
where X n (t) is the solution of system (2.2). By (i) and (ii), we have
which leads to
We take β(z, t) := α
Letting n → ∞ , we get Proof. By Theorem 3.3, we know there exist a function β(z, s) ∈ KL such that Eh(X t ) ≤ β(h • (ψ), t).
For any ε ∈ [0, 1], lettingβ = 2
for all (z, s) ∈ R 2 + , by the Chebyshev's inequality, we get
So system (2.1) is (h • , h)-GAS-P in the sense of Definition 2.4.
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As mentioned in [4] , once we find a suitable comparison system, the stability of a given switched system can be deduced by Theorem 3.3. Since switched systems are usually used to model many physical or man made systems, the diverse practical system can be identified by the different switching signals in some sense. In the following we established the conditions that sufficient for the (h • , h)-GAS-M property of a switched system under a fixed-index sequence monotonicity condition.
Stability under fixed-index sequence monotonicity condition
In this section, we consider stochastic switched system (2.1) under fixed-index sequence monotonicity condition.
2 are convex and ρ is concave;
(ii) The family {V (·, p)|p ∈ S} is S-uniformly h positive definite and h • decrescent,
(iv) for every pair of switching time (τ i , τ j ), i < j such that σ(τ i ) = σ τ j = p and σ(τ k ) = p for
holds, where X n (t) is the solution process of (2.2).
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Proof. We define the following impulsive system as a comparison system
Similar to the proof progress of the Corollary 3.11 in [4] , we can show system (4.13) is globally uniformly asymptotically stable. By Theorem 3.3, there exists a function β ∈ KL such that 14) and letting n → ∞, we get
It is possible to obtain less conservative stability conditions involving more specific policies on the switching signals. In the following section, we consider the stochastic stability for system (2.1)
under average dwell-time switching.
Stochastic stability under average dwell-time switching
In this section we investigate conditions on the average dwell-time τ a of a switching signal such that the solution (2.1) is globally asymptotically stable in the qth mean. We need the definition of average dwell-time from [7] for the following results. 16) where u t D = sup −τ ≤s≤0 u(t+s) . If a 1 +a 2 < 0, then there exists a positive constant λ satisfying λ + a 1 + a 2 e λτ < 0 such that
Theorem 5.2. Suppose the following assumptions hold for the switched system (2.1).
(A1) There exist functions α 1 , α 2 ∈ K ∞ , V (·, p) ∈ C 2 (H, R) for each p ∈ S, and µ > 1 such that
with α 1 convex, q ≥ 1. 19) where γ 1 + γ 2 < 0, X n (t) is the solution process of (2.2).
(A3) There is a positive number µ > 1 such that
Then (2.1) is globally asymptotically stable in the qth mean for every switching signal σ with average dwell-time
where λ satisfies λ + γ 1 + γ 2 e λτ < 0.
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Proof. Consider an impulsive differential system 22) where the sequence of switching instants {τ j } j≥1 corresponding to the switching signal σ(t) in Stability in terms of two measures of solutions to stochastic partial differential delay equations with switching 16 also satisfied. By Theorem 3.3, we conclude that the switched system (2.1) is globally asymptotically stable in the qth mean.
Conclusion
In the discussion of the stability in terms of two measures for stochastic differential functional differential, the assumption of the existence of the strong solution of the system is necessary.
However, for stochastic partial differential system, this assumption is not always hold. Fortunately, the work in [3] present a method that pass on stability of strong solutions to the mild ones, and with this method, we can discuss the the stability in terms of measures for switched stochastic partial differential delay equations with jumps. In Theorem 3.3, we presented a general frame for the stability analysis of system (2.1). For more specific switching systems like systems under fixedindex sequence monotonicity condition and under dwell-time switching, we gave the more detail conditions that can be keep the system to be stable in terms of two measures.
